Abstract. Using the properties of the Henstock-Kurzweil integral and corresponding theorems, we prove the existence theorem for the equation ® < -Tn) (t) = f(t,x) in a Banach space, where / is HL integrable and satisfies certain conditions. Our fundamental tool is the measure of noncompactness developed by Kuratowski and Hausdorff.
Introduction
Let E be a Banach space with the norm ||-||, E\ a separable Banach space, / : Ia x B -> E, where Ia = [0, a], a G R+ and m~ 
^ fp B = jx : ||x|| <b,b=^2 HtyH -+ M, M > Q,d < a}.
In this paper we will deal with the Cauchy problem Í>)(í) = /(t,x(i)), te/. = M (1.1) \ x(0) = 0,x'(0) = »&,..., x( m_1 >(0) = ..., 7?m_i eE (or El) , me N.
The Henstock-Kurzweil integral was introduced by Henstock and Kurzweil independently in 1957-58 and has occured useful in the study of ordinary differential equations [4, 5, 8, 9, 13] . This integral encompasses the Newton, Riemann and Lebesgue integrals [6, 7, 12] . Particular feature of this integral is that integral of highly oscillating functions, such as F '(t) , where F(t) = t 2 sin t~2 on (0,1] and F(0) = 0 can be defined.
It is well known that Henstock's Lemma plays an important role in the theory of the Henstock-Kurzweil integral in the real valued case. On the As each Bochner integrable function is an HL integrable function, our result extends corresponding theorems concerning the Bochner integral, for example S. Szufla [15] . We obtain our result even using Caratheodory concept of a solution and not the approximative derivate which comes from the properties of primitives of Henstock-Kurzweil-Denjoy concept of the integral. Thanks to theorems about the HL integral and Lemma 2.7, the proof of the main theorem can be drawn analogously to the proofs of theorems, where the function is integrable in the Bochner sense.
In this paper we use the measure of noncompactness developed by Kuratowski and Hausdorff.
For any bounded subset A of E we denote by a(A) the Kuratowski measure of noncompactness of A, i.e., the infimum of all e > 0, such that there exists a finite covering of A by sets of diameter smaller than e.
For any bounded subset A of E we denote by ai(A) the Hausdorff measure of noncompactness of A, i.e., the infimum of all e > 0, such that A can be covered by a finite number of balls of radius smaller than e.
The properties of 7 = a or 7 = ai are: We will need the following lemma: 
Henstock-Kurzweil integral in Banach spaces
In this section we define the HL integral in a Banach space and we give some properties of this integral. 
The tagged interval (x, [c, d}) is subordinate to <5 if [c, d] C (x -S(x),x + 6(x)).
Letter P will be used to denote finite collections of non-overlapping tagged intervals.
Let
(i) The points {sj : 1 < i < n) are called the tags of P.
is subordinate to <5 for each i then we write P is sub <5. a, b] and if P is sub <5 then we write P is sub <5 on [a,b) .
be treated as a function of intervals by defining F([c, d}) = F(d) -F(c).
For such a function, [a¿, (i.e. u(F, [a¿, 6¿] 
) = sup{\F(r) -F(s)\ :r,se [o^]}).
A family T of functions F is said to be uniformly generalized absolutely continuous in the restricted sense on [a, 6] or uniformly ACG* on [a, 6] if [a, b] is the union of a sequence of closed sets Ai, such that on each A¿, the family T is uniformly AC*{Ai).
For the HL integral we have the following theorems. 
i ( \ V(s)ds) < \ a i (V(s))ds, t G I, o o whenever a\(V(s)) < <p(s), fors G I a.e., ip is a Lebesgue integrable function and «i denotes the Hausdorff measure of noncompactness. THEOREM 2.8. If the function f : I a ->• E is HL integrable, then: \f{t)dte\l\-mnvf{l), i where I is an arbitrary subinterval of I a and |/| is the length of I.
The proof is similar to that of Lemma 2.1.3 in [10].
Existence of solutions
Now we prove the existence theorem for the problem (1.1). Let m > 1 be a natural number and let h : R + -> R + be a continuous, nondecreasing function, such that h(0) = 0 and J tj^ = oo. o+ 
{m) (t) < h(g(t)), te[0,c).

Then g( m~lS >{t) < h 0 {g{t)), fort G [0,C), where h 0 (r) =
(i) is continuous, (ii) there exists x( m )(f)almost everywhere, (iii) *M(t) = f(t,x(t)), x(0) = 0, x'(0) = i?!,...,^^-1 )^) = 7lm-u tela.
Let J = [0,d\ C Ia and B = {x(t) e C(Ia,E)
: x e B}. We define the operator Fx as:
Fx(t) = p(t) + (m_1)! 5 (t -sr-ifis, x(s))ds, t € Ia,
where the integral is taken in the sense of HL. Moreover, let H = {Fx B}. 
Suppose that for each continuous function x : I -* Ei,f(-,x(-)) is HL integrable function and
Let f be a Carathéodory function and let the set H = {Fx : x € B} be equicontinuous, equibounded and uniformly ACG* on Ia. Then there exists at least one solution of the problem
Proof. By the equicontinuity and equiboundedness of H, there exists a
By our assumptions, the operator Fx is well defined and maps B into B.
II^WII = pit) + (^yy i (t -sr-'fis, X(s))ds
Using Theorem 2.5(i) we deduce that Fx is continuous. 
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A. Sikorska-Nowak it follows that v(t) = a(V(t)) < a(Fx(V(t))
> 0 for j = 0,1,... ,m, gi(0) = 0 for j = 0,1,... ,m -1 and
By Lemma 3.2 we deduce that g(t) = 0 for t G J. Thus a(V(t)) = 0 for t G J.
Therefore, for each t G J, the set V(t) is relatively compact in E, and by Ascoli's theorem the set V is relatively compact in C. Hence we can find a subsequence (vnk) of (vn) which converges in C to a limit x. As Fx is continuous, from (3.4) we conclude that x = Fx(x), so that x is a solution of (3.1). Thus x is a solution of the problem (1.1).
For real-valued Banach space E we have the following theorem. Proof. By the equicontinuity and equiboundedness of H, there exists a
Using Theorem 2.5(i) we deduce that Fx is continuous. Let us observe that the fixed point of Fx is the solution of the problem (1.1). Now we prove that Fx has a fixed point using Theorem 1.2. Suppose that K c B satisfies the condition K C conv(Fx(K) U {x}) for some x € B. We will prove that K is relatively compact in B, thus (1.2) is satisfied. The set K is equicontinuous, so by Lemma 1.1 the function
11-> a(K(t))is
continuous. What is more, by our assumption we have 0 < -< 1, so a(K(J)) -0 and a(K(t)) = 0 for each t € J. By Arzela-Ascoli theorem, K is relatively compact. Using Theorem 1.2 there exists a fixed point of the operator Fx, which is a solution of (1.1).
